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Abstract
We calculate, in the framework of open quantum systems, the ground state energy-level shift for
a static two-level atom outside a spherically symmetric black hole in interaction with fluctuating
massless scalar fields in the Boulware and Unruh vacuums. We find that the energy-level shift is
position dependent and thus gives rise to a force on the atom besides the classical gravitational
force. For the case of the Boulware vacuum that represents a star which has not collapsed through
its event horizon, this force is attractive near the horizon and is repulsive far away from the black
hole with a behavior of r−3. For the case of the Unruh vacuum which represents a radiating black
hole, we find that the contribution to the Casimir-Polder-like force due to the presence of Hawking
radiation is always attractive and, remarkably, this attractive force diverges at the event horizon.
PACS numbers: 12.20.Ds, 03.65.Yz, 04.62.+v, 04.70.Dy
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I. INTRODUCTION
The shift of the energy-levels of an atom which is caused by the coupling of the atom
with the quantum vacuum is one of the striking manifestations of the existence of zero-point
fluctuations, and it is known that this shift can be modified by the presence of cavities [1]
and the non-inertial motion of the atom itself [2–5]. One of the observable examples of
such shifts is the Casimir-Polder force between a neutral electric polarizable atom and a
conducting plate, which is a result of position-dependent energy-level shift caused by the
modification of vacuum fluctuations that arise because of reflection of vacuum field modes
at the conducting boundaries.
So far, the Casimir-Polder force, which is a consequence of the position-dependent level
shifts of an atom, is regarded as a result of the reshaping of vacuum fluctuations induced by
the reflection of field modes at boundaries in flat spacetimes. Since the vacuum field modes
are also scattered by the curvature in a curved spacetime, such as in the background of a
black hole, a question naturally arises as to whether the scattering of vacuum field modes off
the curvature will also produce a Casimir-Polder-like force on an atom outside a back hole,
and this is exactly what we are going to address in the present paper.
Our calculation of the energy-level shifts is based upon the framework of open quantum
systems[6], where a static two-level atom outside a Schwarzschild back hole is treated as
an open quantum system in interaction with the external reservoir of fluctuating vacuum
massless scalar fields. As for any open system, the full dynamics of the atom can be obtained
from the complete time evolution describing the total system (atom plus a reservoir of
external vacuum fields) by integrating over the field degrees of freedom, which are in fact
not observed. It is worth noting here that the open quantum system approach has also
been applied to studying other quantum effects in curved spacetime, such as the Hawking
radiation of a black hole [7] and the Gibbons-Hawking effect of de Sitter spacetime [8].
When a curved space-time is considered as opposed to a flat one, a delicate issue arises as
to how the vacuum state of the quantum fields is specified. In this paper, we deal with two
vacuum states of the scalar fields; namely, the Boulware vacuum and the Unruh vacuum. Let
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us note that the Boulware vacuum would be the vacuum state outside a massive spherical
body of radius only slightly larger than its Schwarzschild radius and the Unruh state that
best approximates the vacuum following the gravitational collapse of a massive body to a
black hole. So, we are going to compute the force on a static atom as a result of the modified
vacuum fluctuations both outside a star which has not collapsed through its event horizon
and a black hole.
The paper is organized as follows: In the next section, we will review the basic formalism
of open quantum systems, the derivation of the master equation describing the system of
the atom plus external vacuum scalar fields in the weak-coupling limit, and the reduced
dynamics it generates for the finite-time evolution of the atom. In Sec. III, we calculate the
radiative energy shift of the ground state and the resulting force on the atom. Finally, we
conclude in Section IV.
II. THE BASIC FORMALISM
We consider the evolution in the proper time of a static two-level atom interacting with
vacuum massless scalar fields outside a Schwarzschild black hole and assume the combined
system (atom + external vacuum fields) to be initially prepared in a factorized state, with
the atom held static in the exterior region of the black hole and the fields in the Boulware or
Unruh vacuum state. When the quantum system of a two-level atom interacts weakly with
the environment, the reduced dynamics can be obtained by eliminating the environment
degrees of freedom, yielding an evolution equation of the atom that satisfies the master
equation[9–11]. We take the total Hamiltonian for the complete system to have the form
H = HS +Hφ +HI , (1)
where HS denotes the free Hamiltonian of the atom and Hφ that of the environment(a bath
of fluctuating quantum fields). In fact, Hφ can be chosen as the standard Hamiltonian of
massless, free scalar fields, the details of which are not relevant here. In order to make our
discussion generic, we will postpone the specification of HS until later and suppose that the
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interaction Hamiltonian has the general form
HI = µ
∑
α
Aα ⊗ Bα , (2)
where Aα and Bα represent respectively the dynamical variables of the atom and of the
environment. It should be pointed out that the coupling constant µ should be small, and
this is required by our assumption that the interaction of the atom with the scalar fields is
weak.
Initially, the complete system is described by the total density ρtot = ρ(0) ⊗ ρB , where
ρ(0) is the initial reduced density matrix of the atom, and ρB is the state of the environment.
In the frame of the atom, the evolution in the proper time τ of the total density matrix ρtot
of the complete system satisfies
∂ρtot(τ)
∂τ
= −iLH [ρtot(τ)] , (3)
where the symbol LH represents the Liouville operator associated with H
LH [S] ≡ [H,S] . (4)
The dynamics of the atom can be obtained by tracing over the field degrees of freedom, that
is, by applying the trace projection to the total density matrix ρ(τ) = TrΦ[ρtot(τ)] .
In the limit of weak-coupling which we assume in the present paper, the reduced density
is found to obey the master equation in the interaction picture [6, 12]
d
dτ
ρS(τ) = −i[HLS , ρS(τ)] +D(ρS(τ)) , (5)
where HLS provides a Hamiltonian contribution to the dynamics of the system and is the
so-called Lamb shift Hamiltonian, whereas, D(ρS(τ)) is called the dissipator of the master
equation. Let us note that here HLS is given by
HLS = µ
2
∑
ω
∑
α,β
Sαβ(ω)A
+
α (ω)Aβ(ω) (6)
and the system operator can be decomposed as [6]
Aα =
∑
ω
Aα(ω) =
∑
ω
A+α (ω) , (7)
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with
Aα(ω) =
∑
ν ′−ν=ω
Π(ν)AαΠ(ν
′) , (8)
where the operator Π(ν) denotes the projection onto the eigenspace belonging to the eigen-
value ν of HS. It is easy to see that
[HS, A
+
α (ω)Aβ(ω)] = 0 , (9)
that is, HLS has the same eigenstates as HS. Meanwhile, the function Sαβ(ω) can be written
as [6]
Sαβ(ω) =
i
2
Gαβ(ω)− iΓαβ(ω) , (10)
where Gαβ(ω) is the Fourier transform of the reservoir correlation function (〈B+α (s)Bβ(0)〉)
Gαβ(ω) =
∫ ∞
−∞
dseiωs〈B+α (s)Bβ(0)〉 (11)
and Γαβ(ω) denotes the one-side Fourier transform
Γαβ(ω) =
∫ ∞
0
dseiωs〈B+α (s)Bβ(0)〉 . (12)
Then, with the help of
1
1∓ iǫ = P
1
x
± iπδ(x) , (13)
where P denotes the Cauchy principal value, it is easy to prove that
Sαβ(ω) = − P
2π
∫ ∞
−∞
Gαβ(z)
z − ω dz . (14)
The dissipator of the master equation takes the form
D(ρS) = µ2
∑
ω
∑
α,β
Gαβ(ω)
(
Aβ(ω)ρSA
+
α (ω)−
1
2
{A+α (ω)Aβ(ω), ρS}
)
. (15)
The Hamiltonian HS of a two-level atom can be generically written as [10]
HS =
ω0
2
3∑
i=1
niσi , (16)
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where σi (i = 1, 2, 3) are the Pauli matrices, ω0 is the energy-level spacing and n = (n1, n2, n3)
is a unit vector. Now, we let n = (0, 0, 1) (i.e., HS = ω0σ3/2 ) for simplicity. The interaction
Hamiltonian HI is taken as
HI = µ
3∑
α=0
σαΦα(x) , (17)
where σ0 is the unit matrix and external fields are represented by Φα(x). Comparing it with
the general form Eq. (2), we find that Aα = σα , Bα = Φα(x) .
For the sake of simplicity, we now assume that the field correlation functions are diagonal
such that [10]
G+(x− y)δαβ = 〈Φα(x)Φβ(y)〉 . (18)
Therefore, its Fourier and Hilbert transforms can be expressed respectively as
G(ω) =
∫ ∞
−∞
dτ eiωτ G+
(
x(τ)
)
= δαβGαβ(ω) , (19)
and
K(ω) = P
πi
∫ ∞
−∞
dλ
G(λ)
λ− ω = 2iδαβSαβ(ω) . (20)
It should be pointed out that here the repeated index does not mean summation. Letting
|+〉 and |−〉 denote the excited and the ground states, respectively, we have
Aα(ω0) = A
+
α (−ω0) = |−〉〈−|σα|+〉〈+| . (21)
Since the energy spacing is ω0, according to Eq. (8), the summation over ω in Eq. (6) just
contains two terms; namely, ω = ω0 and ω = −ω0. As a result, Eq. (6) can be rewritten as
HLS = µ
2
∑
ω
∑
α,β
Sαβ(ω)A
+
α (ω)Aβ(ω)
= −iµ
2
2
K(ω0)
3∑
α=0
|+〉
∣∣∣〈+|σα|−〉
∣∣∣2〈+| − iµ2
2
K(−ω0)
3∑
α=0
|−〉
∣∣∣〈−|σα|+〉
∣∣∣2〈−|
= −iµ2K(ω0)|+〉〈+| − iµ2K(−ω0)|−〉〈−| (22)
This shows that the energy-level shifts of the ground state and excited state are δE− =
−iµ2K(−ω0) and δE+ = −iµ2K(ω0), respectively, which are caused by the coupling of the
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atom to the vacuum fluctuation of the fields. The relative energy shift (the Lamb shift) is
then
∆ = iµ2[K(−ω0)−K(ω0)] . (23)
III. CASIMIR-POLDER-LIKE FORCE FOR BOULWARE VACUUM
In this section, we apply the open quantum system formalism developed in the preceding
section to address the issue of finite-time evolution of a static two-level atom interacting with
vacuum scalar fields outside a spherically symmetric black hole and calculate the energy-level
shift of the ground state. The line element for a Schwarzschild black hole reads
ds2 = gµνx
µxν =
(
1− 2M
r
)
dt2 − dr
2
1− 2M/r − r
2(dθ2 + sin2 θdφ2) . (24)
Let us start with the Boulware vacuum which is deemed to be the natural vacuum outside
a massive body and reduces to the usual Minkowski vacuum at infinity. The correlation
function for the scalar field in the Boulware vacuum is [13, 14]
G+B(x, x
′) =
∑
lm
∫ ∞
0
e−iω∆t
4πω
| Ylm(θ, φ) |2
[| −→Rl(ω, r) |2 + |←−Rl(ω, r) |2]dω , (25)
and the corresponding Fourier transform with the proper time τ of the atom reads
GB(λ) =
∫ ∞
−∞
eiλτGB
+[x(τ)]dτ
=
∑
ml
∫ ∞
0
dω
2ω
δ(λ− ω/
√
1− 2M/r)| Ylm(θ, φ) |2
[| −→Rl(ω, r) |2 + |←−Rl(ω, r) |2] . (26)
Using Eq. (20), we can calculate δE− for the Boulware vacuum; for convenience, we denote
it by δEB− . Since the exact form of functions Rl(ω, r) is not known, a generic expression for
δEB− is not possible to obtain. In what follows, we only examine the behavior of δE
B
− at two
asymptotic regions, i.e., close to the black hole horizon and at infinity. In order to do this,
let us recall that[14]
∞∑
l=0
(2l + 1) |−→R l(ω, r ) |2 ∼


4ω2
1− 2M
r
, r → 2M ,
1
r2
∞∑
l=0
(2l + 1) |Bℓ (ω) |2 , r →∞ ,
(27)
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∞∑
l=0
(2l + 1) |←−R l(ω, r ) |2 ∼


1
r2
∞∑
ℓ=0
(2l + 1) |Bℓ (ω) |2, r → 2M ,
4ω2/(1− 2M/r) ∼ 4ω2, r →∞ ,
(28)
Here Bℓ is the transmission amplitude. The energy-level shift δE
B
− in two special cases can
then be calculated. We find, both when r → 2M and r →∞, that
δEB− = −iµ2KB(−ω0) ≈ δE0 + δE0r . (29)
Here, we have defined
δE0 = −µ
2P
2π2
∫ ∞
0
λ
λ+ ω0
dλ , (30)
δE0r = −µ
2P
2π2
∫ ∞
0
f(λ, r)
λ
λ+ ω0
dλ , (31)
where
f(λ, r) =
∞∑
ℓ=0
(1 + 2l)|Bℓ(λ√g00) |2
4λ2r2
, (32)
and P denotes the principal value. For the purpose of estimating δEB− approximately, we
use the geometrical optics approximation to evaluate the transmission amplitude Bℓ(p) [15].
In this approximation, it is easy to verify that, if Mp≫ 1, then transmission ceases when l
exceeds
√
27Mp and this holds even when Mp is small [15]. So we have
Bℓ(p) ∼ θ(
√
27Mp− l) ,
∑
ℓ
(1 + 2l)|Bℓ(p)|2 ≈ 27M2p2 . (33)
This leads to
f(λ, r) ≈ 27M
2g00
4r2
. (34)
Therefore, we can rewrite δEB− in both two special cases as
δEB− ≈ δE0 +
27M2g00
4r2
δE0 . (35)
Here, δE0 is just the shift of the ground state energy level in the Minkowski vacuum[2]. So,
δEB− contains two divergent terms, both of which contain a linearly divergent factor δE0.
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According to the Bethe’s mass renormalization method[16], δE0 can be written in two parts
δE0 = δE
′
0 + δE
′′
0 =
−µ2P
2π2
∫ ∞
0
dλ+
µ2P
2π2
∫ ∞
0
ω0
λ+ ω0
dλ , (36)
where δE ′0 is the energy of a free electron due to its coupling to the field, which can also
be interpreted as the element stemming from the renormalization of the mass in the kinetic
energy of the system Hamiltonian. However, it will not contribute to the observed level shift.
The second part
δE ′′0 =
µ2P
2π2
∫ ∞
0
ω0
λ+ ω0
dλ , (37)
although logarithmically divergent, will give an observable contribution to the atomic level
shift after a regularization by taking a cutoff of the upper limit of integration. For the
regularization, we assume that the Bethe method [16] which was first used in a flat spacetime
can also be applied in the present case. According to Bethe, this cutoff should be taken as
the electron mass m1. Therefore, the renormalized energy-level shift δEB− reads
δEB− ≈
µ2ω0
2π2
ln
(m
ω0
)[
1 +
27M2g00
4r2
]
(38)
It is easy to see that the regular finite energy-level shift is position-dependent, and so gener-
ates a force on the atom besides the gravitational force. This is a force which has a quantum
origin and it is in fact a result of the modified vacuum fluctuations due to the spacetime
curvature. This position-dependent energy shift gives rise to a force on the atom which can
be calculated by taking the first derivative with respect to r. Therefore, we can obtain the
Casimir-Polder-like force on an atom outside a spherical star in two asymptotic regions (i.e.,
r →∞ and r → 2M):
FB = −∂(δE
B
− )
∂r
≈ 27µ
2M2ω0
4π2r4
(r − 3M) ln
(m
ω0
)
(39)
A physical realization of the Boulware vacuum would be the vacuum state outside a massive
spherical body of radius only slightly larger than its Schwarzschild radius. According to
1 It is worth pointing out that, in flat spacetime, the same result as Bethe’s can be obtained if one employs
a fully relativistic quantum field theoretic approach where no cutoff is present. See Refs. [17–20]
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Eq. (39), the Casimir-Polder-like force outside a massive spherical star can be either attrac-
tive or repulsive. In fact, the force is attractive close to the horizon and repulsive at the
spatial asymptotic region with a behavior of 1/r3. The turning point happens near r ≈ 3M
where the vacuum field modes are scattered the most. It is interesting to note that r = 3M
is the location of the unstable circular orbit of photons
IV. CASIMIR-POLDER-LIKE FORCE FOR UNRUH VACUUM
For a static atom outside a black hole in interaction with fluctuating massless scalar fields
in the Unruh vacuum, let us note that the field correlation function is given by [13, 14]
GU
+(x, x′) =
∑
ml
∫ ∞
−∞
e−iω∆t
4πω
| Ylm(θ, φ) |2
[ | −→Rl(ω, r) |2
1− e−2πω/κ + θ(ω)|
←−
Rl(ω, r) |2
]
dω , (40)
where κ = 1/(4M) is the surface gravity of the black hole. The corresponding Fourier
transform with the proper time τ of the two-level system reads
GU(λ) =
∫ ∞
−∞
eiλτGU
+(x, x′)dτ
=
1
8πλ
∞∑
l=0
[
θ(λ
√
g00)(1 + 2l)|←−Rl(λ√g00, r) |2 +
(1 + 2l)| −→Rl(λ√g00, r) |2
1− e−2πλ√g00/κ
]
. (41)
A similar calculation as that in the Boulware vacuum yields the radiative energy-level shift
of the ground-state in two special cases:
δEU− = −iµ2KU(−ω0) ≈


δE0 + δET + δE0r , (r ∼ 2M) ;
δE0 + δETr + δE0r , (r →∞) .
(42)
where
δET = −µ
2P
2π2
∫ ∞
0
λ
1− eλ/T
( 1
λ− ω0 −
1
λ+ ω0
)
dλ , (43)
and
δETr = −µ
2P
2π2
∫ ∞
0
f(λ, r)
1− eλ/T
( λ
λ− ω0 −
λ
λ+ ω0
)
dλ . (44)
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Here, T is given by
T =
κr
2π
=
κ
2π
√
g00
=
TH√
g00
, (45)
with TH = κ/2π, being the usual Hawking temperature of the black hole. This equation is
the well-known Tolman relation [21, 22] which gives an effective temperature as measured by
a local observer. A few comments are in order now. First, δET , which is a contribution to
the energy-level shift of the atom close to the horizon, is structurally similar to the energy-
level shift in a thermal heat bath at temperature T , while δETr, which is a contribution to
that at infinity, shows the effect of backscattering of the thermal radiation off the spacetime
curvature, represented by the grey-body factor f(λ, r). These two terms clearly support the
notion that there is a thermal radiation flux emanating from the black hole event horizon.
Second, the other two terms, (i.e., δE0 and δE0r) are just terms contained in δE
B
− .
To analyze the force on the atom in more detail, let us note that δET can be approximated
in the low- and high-temperature limits as follows
δET = −µ
2P
2π2
∫ ∞
0
λ
1− eλ/T
( 1
λ− ω0 −
1
λ+ ω0
)
dλ
≈


− µ
2T 2
6ω0
− µ
2π2T 4
15ω30
, (ω0 ≫ T ) ;
µ2ω0 ln(ω
2
0/T
2)
2π2
, (ω0 ≪ T ) .
(46)
According the Eq. (34), we can estimate δETr in the same limits
δETr =
27M2g00
4r2
δET ≈


− 9µ
2M2T 2g00
8ω0r2
− 9µ
2π2M2T 4g00
20ω30r
2
, (ω0 ≫ T ) ;
27µ2M2ω0g00
8π2r2
ln
(ω20
T 2
)
, (ω0 ≪ T ) .
(47)
Since close to the horizon, g00 approaches zero, T = TH/
√
g00 ≫ ω0 is always satisfied.
Consequently, the position-dependent energy-level shift can be written as
δEU− ≈
µ2ω0
2π2
ln
[
g00
ω20
T 2H
]
+
µ2ω0
2π2
ln
(m
ω0
)[
1 +
27M2g00
4r2
]
. (48)
When the atom is held static in the spatial asymptotic region, i.e., when r →∞, T ∼ TH .
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Now, the energy-level shift becomes
δEU− ≈


− 9µ
2M2T 2H
8ω0
1
r2
+
µ2ω0
2π2
ln
(m
ω0
)[
1 +
27M2g00
4r2
]
, (ω0 ≫ TH) ;
27µ2M2ω0
8π2r2
g00 ln
[
g00
ω20
T 2H
]
+
µ2ω0
2π2
ln
(m
ω0
)[
1 +
27M2g00
4r2
]
, (ω0 ≪ TH) .
(49)
This position-dependent energy shift gives rise to a force on the atom which can be calculated
by taking the first derivative with respect to r. Close to the horizon, we find that
FU = −∂(δE
U
− )
∂r
≈ − µ
2Mω0
π2(r − 2M)r −
27µ2ω0
64Mπ2
ln
(m
ω0
)
. (50)
So the Casimir-Polder-like force is attractive and actually diverges at the event horizon. Let
us note that the classical force that is needed to hold the atom static at the horizon also
diverges. If the atom is in the spatial asymptotic region, this force can be approximated as
FU = −∂(δE
U
−)
∂r
≈


− 9µ
2M2TH
2
4ω0
1
r3
+
27µ2M2ω0
4π2
1
r3
ln
(m
ω0
)
, (ω0 ≫ TH) ;
− 27µ
2M2ω0
2π2
1
r3
ln
(TH
ω0
)
+
27µ2M2ω0
4π2
1
r3
ln
(m
ω0
)
, (ω0 ≪ TH) .
(51)
Typically, one hasm≫ ω0, so, far from the black hole, the force will be attractive if TH ≫ m,
and repulsive otherwise. It is interesting to note that the contribution to the force due to
the presence of the Hawking radiation is always attractive. Therefore, the collapsing of a
massive star into a black hole and the thermal radiation generated as a result makes the
Casimir-Polder-like force more attractive than repulsive.
V. CONCLUSION
In summary, we have calculated the energy-level shift of a two-level atom outside a spher-
ically symmetric black hole in the paradigm of open quantum systems by looking at the
time evolution of the atom interacting with massless scalar fields in the Boulware vacuum
and the Unruh vacuum. The time evolution of the atom is governed by a master equation
12
obtained by tracing over the field degrees of freedom from the complete system. Our results
show that, for an atom in the ground state, the level shift is position-dependent and gives
rise to a force on the atom besides the classical gravitational force.
For the case of the Boulware vacuum, which represents a star that has not collapsed
through its event horizon, this force is attractive near the horizon, and is repulsive far away
from the black hole with a behavior of r−3 . The turning point occurs near r ∼ 3M where
the vacuum field modes are scattered the most. For the case of the Unruh vacuum which
represents a radiating black hole, we find that the contribution to the Casimir-Polder-like
force due to the presence of Hawking radiation is always attractive, and in fact this attractive
force diverges as the horizon is approached.
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